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1a: Chromatography Spectra
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Bottle 7

Unnormalized Chromatograms (Color=Vial)
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1b: Turbulence Study
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1c: Random Bits
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Dataset 1 Random Bits
1 0 1 0 1 0 1 0 1 1 1 0 0 0 1 0 1 1 1 0 0 0 1 0 1 0 0 1 0 0 1 1 
1 1 0 0 1 0 1 0 1 0 0 1 1 0 1 0 1 1 0 1 1 0 1 1 0 0 1 1 1 0 0 1 
0 0 0 1 1 1 0 1 0 0 1 1 1 0 0 0 0 0 1 0 1 0 0 1 0 0 1 0 1 0 0 1 
0 1 0 0 1 0 1 1 0 1 0 0 1 0 1 1 0 1 0 0 1 0 1 0 1 1 0 0 0 1 1 1 
0 1 0 0 0 1 1 1 0 1 0 1 0 1 1 1 0 1 0 1 0 1 0 1 0 1 1 1 0 1 0 1 
0 0 1 0 0 1 0 1 0 0 1 0 0 1 1 0 0 1 0 1 0 0 1 0 0 1 0 1 0 0 1 0 
0 1 0 1 0 1 1 0 0 1 0 1 0 1 0 0 0 1 0 1 0 1 1 0 0 1 0 1 1 0 1 0 
0 1 0 1 1 0 1 0 1 0 0 0 1 1 0 1 0 0 0 1 0 1 0 1 0 0 0 1 0 1 0 1 
0 0 0 1 0 1 0 1 0 0 1 1 0 1 1 0 1 0 1 0 0 1 0 0 1 0 1 0 0 1 0 0 
1 0 1 0 0 1 0 0 1 1 1 0 0 0 0 1 0 1 1 0 0 0 0 1 0 0 1 0 0 0 0 1 
1 0 1 0 0 0 1 0 0 1 0 0 1 0 1 0 1 1 0 1 1 0 0 0 1 1 0 1 1 1 0 1 
0 1 0 1 1 0 0 1 0 1 0 1 1 0 1 1 0 0 0 1 1 0 1 1 1 0 1 0 1 0 1 0 
0 0 1 0 1 0 1 1 0 0 1 0 1 0 1 1 0 0 1 0 1 0 1 1 1 1 0 1 0 1 0 0 
0 1 0 1 0 1 0 0 1 1 0 0 0 1 1 1 0 0 1 0 1 1 1 0 1 0 1 0 1 0 1 0 
1 0 1 1 1 0 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 0 0 1 1 1 0 1 1 0 
0 1 1 0 0 1 1 0 1 0 1 0 1 1 0 0 1 0 1 0 1 1 1 0 1 0 1 0 1 0 1 0 
1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 1 0 1 0 1 1 0 0 1 1 0 0 1 0 0 0 1 
0 1 0 1 0 1 0 1 0 1 0 1 0 0 0 1 0 1 0 0 0 1 0 1 0 1 0 1 0 0 0 1 
0 1 0 1 0 0 0 1 0 1 0 1 1 0 1 0 1 0 0 1 0 1 0 0 1 0 0 1 0 1 0 0 
0 1 1 0 1 0 1 1 0 1 1 0 1 0 1 0 0 0 1 0 1 0 1 1 0 0 1 0 1 0 1 1 
0 1 1 0 0 1 0 1 0 1 1 0 0 1 1 1 0 1 1 0 0 1 0 1 0 0 1 0 1 0 1 0 
1 1 0 1 0 1 0 1 1 0 0 1 0 1 0 1 1 0 0 1 0 1 0 1 1 0 0 1 0 1 0 0 
1 0 0 1 0 1 0 0 1 0 1 1 0 1 0 1 1 0 1 1 0 0 1 0 0 1 0 1 1 0 0 1 
0 1 0 1 0 1 0 0 0 1 1 1 0 1 0 0 0 1 0 1 0 1 0 0 0 1 1 0 1 0 0 0 
1 1 0 1 0 0 0 1 1 1 1 0 0 1 0 1 1 0 1 0 1 1 0 1 0 1 0 0 1 0 0 1 
1 1 0 0 1 0 1 0 1 1 0 1 1 1 0 0 1 1 0 1 0 1 0 0 0 1 0 1 0 1 0 0 
1 0 1 0 0 1 0 1 1 1 1 0 0 1 1 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 0 0 
1 1 0 0 0 1 1 0 1 0 0 1 0 1 1 1 1 0 1 1 0 1 0 1 1 0 0 1 0 1 0 0 
1 0 1 1 0 1 1 0 1 0 1 1 0 1 0 0 1 0 1 1 0 0 1 0 1 0 1 1 1 0 0 1 
0 0 1 0 1 0 0 0 1 0 1 0 1 0 1 1 0 0 1 0 1 0 1 0 0 0 0 1 1 0 1 1 
1 1 0 0 0 1 1 0 0 1 0 1 0 1 1 0 0 1 0 1 0 1 1 1 0 1 0 1 0 1 1 0 
1 1 0 1 0 0 1 1 1 0 1 1 1 0 1 0 0 0 1 0 1 0 1 0 1 0 1 1 1 0 1 0 
0 0 1 0 1 0 1 1 0 0 1 0 1 0 1 0 0 0 1 0 1 1 0 0 0 1 0 0 1 1 0 0 
0 1 0 1 0 1 0 0 1 0 1 1 0 1 0 0 1 0 1 0 1 0 1 0 1 0 1 1 0 0 1 0 
1 0 1 0 0 1 1 0 0 0 1 0 0 1 0 1 0 0 1 0 0 0 1 1 0 1 0 1 0 1 0 1 
1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 0 1 0 1 0 1 0 0 0 1 0 1 
1 0 0 0 1 0 1 0 1 1 0 1 1 0 1 0 0 1 0 1 0 0 1 0 0 1 0 1 0 0 1 0 
0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 1 0 1 1 0 0 1 1 0 0 1 1 0 0 
0 1 0 0 1 1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 
1 0 1 0 1 0 1 0 0 0 1 0 1 0 1 0 0 0 1 0 1 0 1 0 0 1 1 0 0 0 1 0 
1 1 0 1 0 0 1 0 1 0 0 1 1 0 1 0 1 0 1 0 1 0 1 0 1 1 0 0 0 0 1 0 
1 1 0 1 0 0 1 0 1 0 0 1 1 0 1 1 0 1 0 1 1 1 0 0 0 1 0 1 0 1 0 0 
0 1 0 1 1 1 0 0 0 1 0 1 1 1 0 1 0 1 0 1 1 1 0 0 1 1 0 1 1 0 1 0 
1 1 0 1 1 0 1 0 1 0 1 0 1 0 1 1 1 0 1 0 1 0 1 0 1 0 0 1 1 0 1 0 
1 1 1 0 0 1 1 0 1 0 0 1 0 1 0 1 1 1 0 0 0 1 1 1 0 0 1 0 0 1 1 1 
0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 1 0 1 0 1 0 1 1 0 0 1 0 0 1 0 1 0 
0 1 1 0 1 0 0 0 0 0 0 0 1 0 0 0 1 1 1 1 0 1 0 1 0 1 0 0 0 0 0 0 
0 0 0 1 0 0 1 0 1 0 1 0 1 0 1 1 1 1 1 0 1 0 0 0 0 0 0 0 0 0 1 0 
1 1 1 1 1 1 1 1 1 1 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 1 0 1 1 0 1 1 
1 0 1 1 1 0 1 0 0 0 0 0 0 0 0 0 1 0 1 1 0 1 1 1 1 1 0 1 0 0 0 1 
0 0 0 0 0 0 1 0 0 1 0 1 0 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 
0 0 1 0 1 0 1 1 1 1 1 1 1 1 1 1 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 
1 0 1 0 1 1 1 0 1 1 1 1 1 1 0 1 0 0 1 0 0 0 0 1 0 0 1 0 1 1 0 1 
1 1 0 1 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 1 1 0 1 1 0 1 1 0 1 0 1 0 
1 0 1 0 0 0 1 0 1 0 0 1 1 1 0 1 0 1 1 0 1 1 1 0 1 0 0 0 0 0 0 0 
0 0 1 0 1 1 1 0 1 0 1 1 0 1 0 1 0 1 0 1 0 0 1 0 1 0 0 0 1 0 1 1 
0 1 1 0 0 1 0 1 0 0 0 1 0 1 0 1 1 0 0 1 0 1 0 1 0 1 0 1 0 1 0 1 
0 1 0 0 1 0 1 0 1 0 0 1 0 1 0 1 0 0 1 1 0 1 0 0 0 1 0 0 0 1 0 1 
0 1 1 1 0 1 0 0 0 1 0 1 0 0 0 1 1 0 0 1 1 0 1 0 1 0 1 0 1 0 1 0 
1 0 1 1 0 0 1 0 0 0 0 0 0 1 0 1 1 1 1 1 1 0 1 0 0 1 0 0 1 0 0 0 
1 0 0 1 0 1 0 1 1 1 0 1 1 1 1 0 1 0 0 1 0 0 0 1 1 0 0 1 0 1 0 0 
1 1 0 1 0 1 1 0 1 0 0 1 0 1 0 0 0 1 1 0 1 1 1 0 1 0 0 0 1 0 1 0 
1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 1 0 1 0 1 0 1 1 1 1 0 
1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 0 1 0 0 0 
0 0 0 0 0 0 0 0 1 1 0 0 1 1 1 1 1 1 1 0 1 1 1 0 0 0 0 1 1 1 0 1 

Dataset 1 Random Bits
0 0 0 1 1 0 0 1 0 0 1 1 0 1 0 1 0 1 1 0 1 1 0 1 0 1 1 0 1 0 1 0 
1 0 1 1 0 1 0 1 1 0 0 1 1 1 0 1 1 0 0 0 1 1 1 0 0 0 1 0 1 1 1 0 
1 0 0 1 0 0 1 0 1 1 0 1 1 0 1 0 1 0 0 1 0 0 1 0 0 1 0 1 0 0 1 0 
1 1 0 1 0 0 1 1 0 1 1 0 0 0 1 0 0 1 0 0 0 1 0 1 0 1 0 0 0 1 1 1 
1 1 0 0 0 1 0 1 1 1 0 0 1 1 1 0 0 0 1 1 1 0 1 0 0 0 1 1 1 0 0 1 
0 1 1 1 0 1 1 0 0 1 1 1 0 0 1 0 1 0 1 0 1 0 0 0 1 0 1 0 0 1 0 0 
1 0 1 0 1 1 0 1 1 0 1 0 0 1 0 1 0 0 1 0 0 1 0 1 0 0 1 1 0 1 0 1 
0 0 1 1 0 1 0 1 0 0 1 0 1 0 1 0 1 1 0 0 1 0 0 1 1 1 1 0 1 0 0 1 
0 1 0 1 1 0 0 1 0 1 0 1 1 0 0 1 0 1 0 1 1 1 0 1 0 1 0 0 1 0 0 1 
0 1 0 1 1 0 0 1 1 1 1 0 1 0 1 1 0 1 0 1 1 0 1 0 0 1 1 0 1 0 1 0 
0 1 0 0 1 0 1 0 0 1 0 1 0 1 1 0 0 1 1 0 0 1 0 1 1 0 1 1 0 1 0 1 
1 0 1 1 0 1 0 1 1 1 0 1 0 1 0 1 1 1 0 1 0 1 0 0 1 1 0 0 1 0 1 0 
1 0 1 0 1 0 1 1 0 0 0 1 0 0 1 0 1 0 0 1 0 1 0 1 0 1 1 1 0 1 0 1 
0 1 1 0 0 1 0 1 0 0 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 
0 0 0 1 0 1 0 1 1 1 0 0 1 0 1 0 0 1 0 1 0 1 1 1 0 1 0 1 0 1 0 0 
1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 0 1 1 1 0 1 1 0 0 
0 1 0 1 1 0 0 0 1 1 1 0 1 1 0 1 1 1 0 1 0 0 1 1 1 0 1 0 1 0 1 1 
1 0 1 0 1 0 1 1 1 0 1 1 0 0 1 1 0 1 1 0 0 1 0 1 0 1 0 1 1 1 0 0 
1 1 0 0 1 0 0 0 1 1 0 1 1 0 0 1 1 1 0 1 0 0 1 0 1 1 0 1 0 1 0 1 
0 1 0 1 0 1 0 1 0 0 0 1 1 1 0 1 0 0 0 1 1 0 1 0 0 0 1 0 1 0 1 0 
0 0 1 0 1 1 0 1 0 0 1 0 0 1 1 0 0 0 1 1 0 1 1 0 0 0 1 0 1 0 1 0 
1 0 0 1 0 0 1 1 1 0 0 0 1 0 1 1 1 0 1 1 1 0 1 0 1 1 0 1 0 0 1 1 
0 0 1 1 0 1 0 1 0 1 1 1 0 1 0 0 0 1 1 0 0 1 0 0 1 0 1 0 1 0 1 0 
1 1 1 0 1 1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 1 1 0 1 0 1 0 1 1 0 0 
1 1 1 0 0 1 0 1 0 1 1 0 0 1 0 1 0 1 0 1 0 1 0 1 0 0 1 0 0 1 0 1 
0 1 1 0 0 1 0 1 0 1 0 0 1 0 1 0 0 1 1 0 1 0 1 0 0 1 1 1 0 0 0 1 
0 1 1 1 0 0 0 1 0 1 0 1 0 0 0 1 0 0 1 1 0 0 1 0 1 0 1 1 0 1 0 0 
1 0 1 1 0 1 0 0 0 1 1 1 0 1 1 0 1 0 1 1 0 1 0 0 1 1 0 1 0 1 1 0 
1 1 1 0 0 0 0 0 1 1 1 1 0 1 0 0 1 0 1 0 0 1 0 1 0 1 0 1 0 1 0 1 
0 1 1 0 0 1 1 0 0 1 1 0 1 1 1 0 0 0 1 0 1 1 0 1 0 1 0 1 1 0 1 0 
1 1 0 1 1 0 1 1 1 0 0 1 0 1 1 1 0 0 1 0 0 1 1 0 1 0 1 1 0 1 1 0 
0 0 1 1 0 1 1 0 1 0 1 1 0 1 0 1 1 0 1 1 0 1 0 0 1 1 0 1 0 1 0 0 
0 1 1 0 1 1 1 0 0 1 1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 0 1 1 1 1 0 0 
1 1 0 1 1 1 1 0 1 1 0 0 1 1 0 0 1 0 1 1 0 1 0 1 0 0 0 1 0 1 0 1 
0 0 1 1 0 1 0 0 0 0 1 1 0 1 0 0 1 0 1 1 0 1 0 1 1 0 0 1 0 1 0 1 
1 0 0 1 1 0 0 1 1 1 0 0 1 0 0 1 1 0 0 0 1 0 1 1 1 0 0 1 0 0 1 1 
0 0 1 0 0 1 0 1 0 1 0 0 0 1 0 1 1 1 0 0 1 0 0 1 1 0 0 1 0 0 0 1 
1 0 0 1 0 0 0 1 0 1 0 1 0 0 0 0 1 1 1 1 0 0 1 1 0 0 1 1 0 0 0 1 
0 1 0 0 1 1 0 1 0 0 0 1 0 1 0 0 1 1 0 1 0 1 0 1 1 0 1 0 1 0 0 1 
0 1 0 1 1 1 0 0 0 1 0 0 1 0 0 0 1 0 1 1 0 1 1 0 1 0 1 1 0 1 0 1 
1 0 1 1 0 1 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 1 0 0 0 1 1 0 1 1 0 1 
1 1 1 0 0 1 0 1 0 0 1 1 1 1 0 1 1 0 1 0 1 1 0 1 0 1 0 1 0 1 0 1 
1 1 0 1 0 1 0 1 0 1 1 1 0 1 0 1 0 0 0 1 1 0 0 1 0 1 1 0 0 0 1 1 
1 0 0 1 0 1 1 0 1 1 0 1 0 1 0 1 0 0 0 1 0 1 0 1 0 0 0 1 0 1 0 1 
0 1 0 1 1 1 0 1 1 0 1 1 1 0 1 0 1 0 1 1 0 1 0 0 1 0 1 0 1 1 0 1 
0 1 0 1 1 0 0 1 0 1 0 1 0 1 0 1 0 1 1 0 1 1 0 0 1 0 0 1 0 0 0 1 
0 0 0 1 0 0 0 1 1 0 0 1 1 0 1 0 1 0 0 0 1 0 1 0 1 0 1 0 1 0 1 0 
1 0 1 0 1 0 1 0 1 0 0 0 1 1 1 0 1 0 0 0 1 1 1 0 1 0 0 0 1 1 1 0 
1 0 0 1 1 0 1 0 1 0 0 1 0 1 0 1 0 1 0 1 0 1 0 0 1 0 1 0 1 1 0 1 
1 0 1 0 0 1 0 1 1 0 1 0 0 1 0 1 1 1 0 1 0 1 0 0 1 0 0 1 1 1 0 0 
1 0 0 1 0 1 0 1 0 0 0 1 0 1 0 1 0 0 0 1 0 1 0 1 1 0 0 1 1 0 0 1 
0 0 1 1 1 0 0 1 0 0 1 0 1 1 0 1 0 1 1 0 1 1 0 1 0 1 0 0 1 0 0 1 
0 1 0 1 1 0 0 1 0 1 1 0 1 0 0 1 0 0 1 0 1 0 0 1 0 0 1 0 0 0 1 1 
0 0 1 1 1 0 1 1 0 0 1 0 1 0 1 1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 1 
0 0 1 0 0 1 1 1 0 0 1 0 0 0 1 1 1 0 1 0 1 0 0 1 0 1 0 1 0 1 0 1 
0 0 0 0 0 1 0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 1 0 1 0 0 1 1 0 1 0 1 
0 0 1 1 0 0 0 1 1 0 1 0 1 0 0 1 1 1 1 0 1 0 0 0 1 0 1 1 1 0 0 0 
1 0 1 1 0 0 0 1 1 0 0 1 0 0 0 1 0 0 1 0 1 1 0 1 1 1 0 0 1 1 0 1 
1 0 0 1 1 0 0 0 1 0 1 1 0 0 0 1 0 1 1 0 0 1 0 0 0 1 1 0 0 1 1 0 
0 1 1 0 0 1 1 1 0 1 1 0 0 1 1 1 0 0 0 1 0 1 1 1 0 0 0 1 1 1 0 1 
0 0 0 0 1 1 0 1 0 1 1 0 0 1 1 1 0 1 1 0 0 0 1 0 1 1 0 0 1 0 1 0 
1 1 0 0 1 0 1 0 1 1 0 0 1 0 1 0 1 1 0 0 1 1 1 0 1 1 1 0 1 0 1 0 
1 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 1 1 1 0 1 1 0 0 1 0 1 0 1 0 0 1 
0 0 1 1 0 0 1 0 0 0 0 1 0 0 1 0 1 1 1 0 1 0 1 1 1 1 0 1 0 0 1 0 
1 1 0 0 0 0 1 0 1 0 1 0 1 0 1 1 0 0 1 0 1 0 1 1 0 1 0 0 1 0 1 0 

Dataset 1 Random Bits
1 0 1 1 1 0 1 0 1 1 0 1 0 1 0 1 0 1 1 1 0 1 0 0 0 1 0 1 0 1 0 0 
0 1 0 1 0 0 1 0 0 1 0 1 0 1 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 1 0 
0 1 0 1 0 1 1 0 0 0 0 1 0 0 1 1 1 0 1 0 1 1 1 0 1 0 1 0 1 1 0 1 
0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 1 0 0 1 0 0 1 1 
0 1 0 1 0 0 1 0 1 1 0 1 0 0 1 0 1 0 0 1 0 0 1 0 1 0 0 1 0 0 1 0 
1 0 1 0 0 0 1 0 1 0 1 0 0 0 1 0 1 0 1 1 0 0 1 1 0 1 0 1 0 1 0 0 
1 0 1 1 1 0 0 0 1 1 1 0 1 0 0 0 1 0 1 0 1 0 0 0 1 0 1 1 1 0 0 0 
1 0 1 1 1 0 0 0 1 0 1 0 0 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 1 1 0 
0 0 0 1 0 1 0 0 0 0 0 1 0 1 1 0 0 0 1 0 0 1 0 0 0 0 1 0 0 1 0 1 
0 0 1 1 1 1 0 1 0 1 0 1 0 1 0 1 1 0 0 1 0 1 0 1 1 1 0 0 0 1 0 1 
1 0 0 1 1 0 0 1 1 0 1 0 0 1 0 1 1 0 1 1 0 1 0 1 1 0 1 1 0 1 0 1 
0 1 1 0 0 1 0 1 0 1 1 1 0 1 0 1 0 1 0 0 1 1 0 1 0 1 0 1 0 1 0 1 
0 1 1 0 0 1 1 0 1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 
0 1 0 0 0 1 0 1 0 1 0 0 0 1 0 1 0 1 0 1 0 1 0 1 0 1 1 1 0 0 0 1 
0 0 1 1 1 0 0 0 1 0 1 0 0 0 1 0 1 0 1 0 1 0 1 1 1 0 1 0 1 0 1 0 
1 1 0 1 0 1 0 1 1 0 1 0 1 1 0 0 1 1 1 0 1 1 0 0 1 1 1 0 0 1 0 0 
0 1 1 0 1 0 0 1 1 1 0 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 1 1 0 0 1 0 
1 0 1 0 0 1 0 1 0 0 0 1 0 0 1 1 0 1 0 1 0 0 1 1 0 0 1 0 0 1 0 0 
1 0 1 0 0 1 0 1 1 0 1 0 0 1 1 0 0 1 0 1 1 0 0 1 0 0 1 1 1 0 0 1 
0 0 1 1 1 0 1 1 0 0 1 1 1 0 0 1 0 0 1 1 1 0 1 1 0 0 1 0 1 0 1 0 
0 0 1 0 1 0 1 1 1 0 1 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 1 0 1 0 
1 1 0 0 0 1 1 0 0 1 0 1 0 0 1 0 0 1 1 1 0 0 1 0 0 1 1 1 1 1 0 0 
0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 1 0 1 1 1 0 1 1 0 0 1 0 1 1 0 1 1 
0 1 0 0 1 0 1 0 1 0 1 0 1 1 0 1 0 1 0 0 1 1 1 0 0 1 0 0 1 0 1 0 
0 1 1 0 1 0 1 0 0 1 1 0 1 0 1 0 0 1 1 0 0 0 1 0 1 1 0 1 0 1 0 0 
1 1 0 0 0 1 1 1 1 1 1 0 0 0 1 0 1 1 1 0 1 0 1 0 1 1 1 0 1 0 1 1 
1 1 0 0 1 0 1 0 1 1 1 0 1 0 1 0 0 1 0 0 1 0 1 0 0 1 0 1 1 0 1 0 
0 0 0 1 0 1 0 1 0 1 0 1 0 1 0 0 1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 
0 0 0 1 0 1 0 1 0 0 1 1 1 0 1 0 1 0 1 0 1 0 1 1 0 1 0 1 1 0 0 1 
0 1 0 1 1 0 1 0 1 0 1 1 1 1 1 0 1 0 1 1 0 1 1 0 0 1 1 1 0 1 0 1 
1 0 0 1 0 0 0 1 1 0 1 0 0 0 1 1 1 0 1 1 0 0 1 1 1 0 1 0 0 0 1 1 
1 0 1 0 0 0 1 0 0 1 1 0 0 0 1 0 1 0 1 0 0 0 1 1 0 0 1 0 0 0 1 1 
1 0 0 0 1 0 1 1 1 0 0 0 1 0 1 0 0 0 1 0 1 0 1 1 0 1 1 0 0 1 0 0 
0 1 1 0 1 1 1 0 1 1 0 1 1 0 1 0 1 0 1 1 1 0 1 0 1 0 1 1 1 0 1 1 
0 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 0 0 1 0 1 1 1 0 0 0 1 0 1 0 1 0 
1 1 1 0 0 0 1 0 1 0 1 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1 0 0 1 0 1 0 
1 1 1 0 1 1 1 0 1 0 1 0 1 0 0 0 1 1 0 1 0 1 0 1 0 1 0 1 0 1 1 1 
0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 1 0 0 1 0 0 
0 1 1 1 0 1 0 1 0 1 0 0 1 1 0 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1 0 1 
0 1 0 0 0 1 0 1 0 1 0 0 1 0 0 1 0 1 1 0 0 0 0 1 0 1 1 0 1 1 0 1 
0 1 1 0 1 0 1 0 0 0 1 0 1 0 0 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 
1 0 1 1 1 0 1 1 1 0 0 1 0 1 1 0 1 1 0 0 1 1 1 1 0 1 1 0 1 1 1 0 
1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 1 1 1 1 0 1 0 1 0 0 
1 1 0 1 0 1 0 0 1 1 0 1 0 1 0 1 0 0 1 1 0 1 1 1 0 1 0 1 0 1 1 0 
1 1 1 1 0 0 1 0 1 1 0 1 0 1 0 1 0 1 1 0 0 0 0 1 1 0 1 0 0 0 1 1 
0 1 0 0 0 1 1 0 0 1 1 0 1 1 1 0 1 0 1 0 1 1 0 0 1 1 1 0 1 1 0 0 
1 1 1 0 0 1 0 0 0 1 1 1 0 1 0 1 0 1 1 1 0 0 1 0 1 0 1 1 0 1 0 0 
1 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0 0 1 0 1 1 1 0 0 1 1 1 1 1 0 
0 0 1 0 0 1 0 0 0 1 1 1 0 1 0 1 0 1 1 0 1 1 0 1 0 1 0 1 1 1 0 1 
0 1 1 0 1 1 0 1 0 0 0 0 1 1 1 1 0 0 1 1 0 0 1 1 1 0 0 1 0 0 1 0 
1 0 1 0 1 0 1 0 1 0 0 0 0 0 1 0 1 0 0 1 0 0 1 0 1 0 1 1 0 0 1 0 
1 0 0 1 0 1 0 0 1 0 0 1 0 1 0 0 0 1 0 1 0 1 0 0 0 1 0 1 0 1 0 1 
0 0 1 1 0 1 0 1 1 0 0 1 1 1 0 1 1 0 0 1 0 0 1 0 1 0 1 1 0 0 1 0 
1 0 1 1 0 0 1 0 1 0 0 1 0 0 1 0 1 0 0 1 0 0 1 0 1 1 1 0 0 0 1 0 
1 1 1 1 0 0 1 0 1 1 0 1 0 0 1 0 1 0 0 1 0 1 1 0 1 0 0 1 0 1 0 0 
0 1 0 1 0 1 1 0 0 1 0 1 0 0 1 0 1 0 1 1 0 1 1 0 1 0 1 1 0 1 0 0 
1 0 1 0 1 0 1 1 1 0 1 0 1 0 0 1 1 1 1 0 1 0 1 1 0 1 0 1 0 1 0 0 
1 0 0 1 0 1 0 1 1 0 0 1 0 1 0 1 1 0 1 1 1 0 1 0 1 0 1 0 1 1 0 0 
0 0 1 0 0 1 1 0 1 0 1 0 1 1 0 1 0 1 0 1 0 1 0 1 1 1 0 1 0 0 0 0 
1 0 0 1 1 1 0 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 1 0 1 0 1 0 1 0 1 0 
1 0 1 0 1 1 1 0 1 0 1 1 1 0 1 0 1 0 1 1 1 1 0 0 0 1 1 0 0 0 1 1 
0 0 1 0 0 0 1 0 1 0 1 0 0 0 1 1 1 0 1 0 0 1 0 1 0 1 0 0 0 1 1 1 
0 1 0 0 0 1 1 0 1 1 0 1 0 0 0 0 1 0 0 1 0 1 1 0 1 0 1 1 1 1 0 1 
1 0 0 0 0 0 0 1 0 0 0 1 1 1 1 1 0 1 1 1 0 1 0 1 0 0 0 1 0 0 0 0 
0 0 1 0 0 1 1 0 1 1 1 1 1 0 1 0 1 1 1 0 1 0 0 0 0 0 0 0 0 1 1 0 

Dataset 1 Random Bits
1 1 1 1 0 1 0 1 0 0 0 0 0 0 0 1 0 0 1 1 1 1 0 1 1 0 1 1 1 0 1 0 
1 0 0 1 0 0 0 1 0 0 1 0 0 1 1 1 1 0 1 0 0 1 0 0 0 1 0 0 0 1 0 1 
0 0 1 0 1 0 1 1 0 1 1 0 1 0 0 0 1 0 1 0 0 0 0 0 1 0 1 1 0 1 1 1 
0 1 1 0 1 0 1 0 0 1 0 1 1 1 0 1 0 1 0 1 0 1 1 0 1 1 1 0 1 0 0 1 
0 0 0 1 0 1 1 0 1 0 1 1 1 1 1 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 
1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 1 1 1 
1 1 1 1 1 1 1 1 1 0 1 0 0 0 0 0 0 0 0 0 1 0 1 0 1 1 1 1 1 1 1 1 
1 1 1 1 1 1 0 0 1 0 0 0 0 0 1 0 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 
1 0 0 1 0 0 1 0 1 0 0 0 1 0 1 1 1 1 0 1 1 1 1 1 0 1 0 1 0 0 0 0 
0 0 1 0 0 1 1 0 1 1 1 1 0 1 1 0 1 0 0 0 0 0 0 0 1 0 1 0 1 1 1 1 
1 1 1 0 1 0 1 0 1 0 1 0 0 0 0 0 1 0 1 0 1 0 1 0 1 0 1 0 1 1 1 1 
0 1 1 0 1 0 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 1 1 0 1 1 0 1 0 1 0 1 
0 1 0 0 0 1 0 1 0 0 0 1 0 1 0 1 0 0 1 0 1 1 1 1 1 0 1 0 0 0 0 0 
1 0 0 0 1 0 1 1 1 0 1 1 1 1 1 1 1 1 1 0 1 0 1 0 1 0 1 0 0 0 0 0 
0 0 1 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 1 0 0 0 0 0 0 0 1 
1 0 1 1 0 1 0 1 0 1 0 1 0 1 0 0 0 1 0 1 0 1 1 1 1 1 1 1 1 0 0 1 
0 0 0 1 1 1 0 1 1 0 0 1 0 1 0 1 0 1 1 0 0 0 1 0 1 0 1 0 1 0 1 0 
1 0 1 0 0 0 1 1 1 0 1 0 1 0 0 1 1 1 0 1 0 0 1 0 1 0 0 1 0 0 1 0 
0 1 0 1 0 1 1 0 0 1 1 1 0 1 0 1 0 1 0 1 0 1 1 0 1 0 1 0 1 0 0 1 
0 1 1 1 0 0 0 1 0 0 0 0 1 0 0 1 1 1 0 0 1 0 0 1 1 0 1 0 0 1 0 0 
1 0 1 0 1 1 0 0 1 1 0 0 0 1 0 1 0 0 0 1 0 1 1 1 1 0 0 1 0 1 1 0 
1 0 0 1 0 0 1 0 1 0 1 1 0 0 1 0 1 0 1 0 1 0 1 1 1 0 1 1 1 0 1 1 
1 0 1 0 1 0 1 0 1 1 0 1 0 1 0 1 0 0 1 1 0 1 0 0 0 1 1 1 0 1 1 1 
0 0 1 1 0 0 1 1 0 0 1 0 1 0 0 1 0 0 1 1 1 0 0 1 0 1 1 0 1 0 1 0 
1 1 0 1 0 0 1 0 1 0 0 1 0 0 1 0 1 0 0 0 1 0 1 0 1 1 0 0 1 0 0 1 
1 1 0 0 1 0 1 0 0 1 0 0 1 1 1 0 0 1 0 0 1 0 1 1 0 1 0 0 1 0 0 1 
0 1 1 0 1 0 0 1 0 1 1 0 0 0 0 0 1 1 1 0 1 0 0 0 1 1 1 0 0 0 1 0 
1 0 1 1 0 0 0 0 1 0 1 1 0 0 1 0 1 0 1 1 0 1 1 0 0 0 1 0 1 1 1 0 
0 1 1 0 1 1 0 0 0 1 0 1 1 1 0 0 0 1 0 1 0 1 0 1 0 1 0 1 1 0 0 1 
0 0 1 1 1 0 1 1 0 1 0 0 0 1 0 1 0 1 0 1 0 1 1 1 0 1 0 1 0 1 1 0 
0 1 0 1 0 1 1 1 1 0 1 0 1 1 0 1 1 0 1 0 1 1 0 1 0 1 0 0 1 1 0 0 
1 1 0 1 0 1 0 1 0 1 0 1 0 1 1 1 0 1 0 1 0 1 0 0 0 1 0 1 1 1 0 0 
1 0 1 0 1 1 0 0 0 1 1 0 1 1 1 0 1 0 1 0 1 1 1 0 1 1 0 1 1 0 0 1 
0 1 0 1 1 0 0 1 0 1 0 1 0 1 0 1 1 1 0 1 0 1 1 1 0 1 0 1 0 0 1 0 
1 0 0 1 0 1 0 1 1 0 1 1 0 0 0 0 1 0 1 0 1 1 0 1 0 1 0 0 1 1 0 1 
0 1 0 0 0 1 0 1 0 1 0 1 0 0 0 1 1 0 1 1 0 1 0 1 0 0 1 1 0 1 0 1 
0 1 0 1 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 0 0 
1 0 1 0 1 0 0 0 1 0 1 0 1 1 0 1 1 0 1 0 1 1 0 1 0 1 0 0 0 1 0 1 
0 1 1 0 0 1 0 1 0 0 1 0 0 1 0 1 0 0 1 0 0 1 0 1 0 1 1 0 0 1 0 1 
0 0 1 0 0 1 1 0 1 0 1 0 1 1 0 1 0 1 1 1 0 0 1 0 1 1 0 0 0 1 1 1 
0 1 0 1 0 1 1 1 1 1 0 0 1 0 0 1 0 1 1 0 1 0 0 1 0 0 1 0 1 0 1 0 
1 0 1 1 0 1 0 0 0 1 0 1 0 1 0 0 0 1 0 1 1 0 0 1 0 1 0 1 0 0 1 0 
1 1 0 1 0 0 1 0 1 0 1 0 0 0 1 1 1 1 0 1 0 1 0 0 1 1 0 0 1 1 0 1 
1 0 1 0 1 1 0 0 1 0 1 0 0 1 0 0 1 0 1 0 1 0 1 1 0 0 1 0 1 0 1 1 
0 0 1 0 1 0 1 1 0 0 1 0 1 0 0 1 0 1 0 1 1 1 0 1 1 1 0 1 0 1 1 0 
0 1 0 1 0 1 1 0 1 0 1 0 0 1 1 0 1 0 1 0 1 0 1 1 0 0 1 1 0 0 1 1 
1 0 1 0 1 0 1 1 1 0 1 0 1 0 1 1 1 0 1 1 1 0 1 0 1 0 1 0 1 0 1 0 
1 0 1 0 1 0 0 1 0 0 1 1 1 0 0 0 1 1 1 0 1 0 0 0 1 0 0 1 1 0 0 0 
1 1 1 0 1 0 1 0 1 1 0 1 1 0 1 0 1 0 1 0 1 1 0 1 1 0 0 0 1 1 0 1 
1 0 0 0 1 1 0 0 1 0 1 0 1 1 0 0 1 0 0 0 1 1 1 0 1 0 1 0 1 1 0 0 
1 0 
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2: Mathematical and Statistical Background

a: Vectors and Inner Products

b: Orthogonal Bases

c: Means and Variances of Transformations
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2a: Vectors and Inner Products

Vector � An ordered sequence of numbers.

(Your Data!)

u =

2
6664
u1
u2
...

un

3
7775 Ex: u =

2
666666664

5:1
5:8
5:9
5:4
6:0
5:3

3
777777775

Notation:

small bold � vector

small unbold � scalar (a number)

large bold � matrix

e =

2
6664
1
1
...
1

3
7775 length n
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\Picturing" Vectors

v =

"
3
5

#

v =

"
6
10

#

v =

"
5
3

#

v =

"
�5
3

#
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\Picturing" Vectors

u =

2
666666664

5:1
5:8
5:9
5:4
6:0
5:3

3
777777775
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Inner Products
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Inner Products
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Inner Products

u =

2
6664
u1
u2
...

un

3
7775, v =

2
6664
v1
v2
...

vn

3
7775

Length of a Vector u � kuk =
q
u2
1
+ u2

2
+ � � �+ u2n

Inner Product of �< u;v >= kukkvk cos �,
where � is the angle between the two vectors.

(Also called Dot Product and noted with u � v)

< u;v >= kukkvk cos � = u1v1+ u2v2+ � � �+ unvn

Note: kvk = p
< v;v >
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Inner Products

Ex: u =

2
6664

4
7

�5
2

3
7775, v =

2
6664

6
3
3

�4

3
7775

kuk =
q
42+72+ (�5)2+22 = 9:70

< u;v >= (4)(6) + (7)(3) + (�5)(3) + (2)(�4)
= 22

Assume: kvk = 1,

If < u;v > is large, then u has a large component

in the direction of v.

If < u;v > is small, then u has a small component

in the direction of v.

Note: Instead of component, we can say power.
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Inner Products

High Power

Low Power

If one vector has the same trend as another it has

high power with respect to that vector.
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Sample Statistics and Inner Products

Ex: u =

2
6664

4
7

�5
2

3
7775, v =

2
6664

6
3
3

�4

3
7775

Mean(u) = u= 1

n

P
ui

Variance(u) = 1

n

P
(ui � u)2

Covariance(u;v) = 1

n

P
(ui � u)(vi � v)

Note:

Let u� ue =

2
6664

4� u
7� u

�5� u
2� u

3
7775

Variance(u) = 1

n
ku� uek2

Covariance(u;v) = 1

n
< u� ue;v � ve >
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Linear Combinations

Ex: u =

2
6664

4
7

�5
2

3
7775, v =

2
6664

6
3
3

�4

3
7775

3u� 2v = 3

2
6664

4
7

�5
2

3
7775� 2

2
6664

6
3
3

�4

3
7775 =

2
6664

0
15

�21
?

3
7775

41



Bases

Basis in n-dimensional space � n vectors b1; b2; � � � ; bn
such that any vector v can be represented as a

linear combination of the basis vectors.

(v = c1b1+c2b2+ � � �+cnbn, for some c1; c2; � � � ; cn)

Ex: n= 3; b1 =

2
64 1
0
0

3
75 ; b2 =

2
64 0
1
0

3
75 ; b3 =

2
64 0
0
1

3
75

u =

2
64 4
�3
2

3
75 = 4b1 � 3b2+2b3 =

4

2
64 1
0
0

3
75� 3

2
64 0
1
0

3
75+2

2
64 0
0
1

3
75
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Orthogonal Bases

Orthogonal Basis in n-dimensional space �
a basis b1; b2; � � � ; bn such that

(1) < bi; bj >= 0 for i 6= j (orthogonal)

(2) kbik = 1 for all i (unit length)

Important Result:

If b1; b2; � � � ; bn is an orthogonal basis, then

u = c1b1+ c2b2+ � � �+ cnbn, where ci =< u; bi >
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Orthogonal Bases

Ex: b1 =

2
6664

1p
3
1p
3
1p
3

3
7775 ; b2 =

2
6664

1p
2

�1p
2

0

3
7775 ; b3 =

2
6664

1p
6
1p
6

�2p
6

3
7775

u =

2
64 2

0
�1

3
75

c1 =< u; b1 >=
1p
3

c2 =< u; b2 >=
2p
2

c3 =< u; b3 >=
4p
6

1p
3

2
6664

1p
3
1p
3
1p
3

3
7775+ 2p

2

2
6664

1p
2

�1p
2

0

3
7775+ 4p

6

2
6664

1p
6
1p
6

�2p
6

3
7775=
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Matrix Multiplication

A=

2
6664

4 �1 3
2 5 6

�2 4 �2
5 �1 0

3
7775 b =

2
64 2

1
�3

3
75

A=

2
6664
{ r1 {
{ r2 {
{ r3 {
{ r4 {

3
7775 rT

1
=

2
64 4
�1
3

3
75, etc.

Ab=

2
6664
< b; r1 >
< b; r2 >
< b; r3 >
< b; r4 >

3
7775=

2
6664
(2)(4) + (1)(�1) + (�3)(3)
(2)(2) + (1)(5) + (�3)(6)
(2)(�2) + (1)(4) + (�3)(�2)
(2)(5) + (1)(�1) + (�3)(0)

3
7775 =

2
6664
�2
�9
�6
9

3
7775

45



Matrix Multiplication

A=

2
6664

4 �1 3
2 5 6

�2 4 �2
5 �1 0

3
7775 b =

2
64 2

1
�3

3
75

A=

2
64 j j j
c1 c2 c3
j j j

3
75 c1 =

2
6664

4
2

�2
5

3
7775, etc.

Ab= b1a1+ b2a2+ b3a3 =

2

2
6664

4
2

�2
5

3
7775+1

2
6664
�1
5
4

�1

3
7775� 3

2
6664

3
6

�2
0

3
7775 =

2
6664
�2
�9
�6
9

3
7775
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Matrix Multiplication

2
6664

4 �1 3
2 5 6

�2 4 �2
5 �1 0

3
7775
2
64 2 4

1 0
�3 �1

3
75=

2
6664
�2 13
�9 2
�6 �6
9 20

3
7775

4 � 3 3 � 2 = 4 � 2

m � n n � p = m � p

m = number of rows

n = number of columns
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Orthogonal Transformations

B =

2
6664
{ b1 {
{ b2 {
... ... ...
{ bn {

3
7775

is an orthogonal transformation if b1; b2; � � � ; bn is

an orthogonal basis in n-dimensions.

By the above result

Bu =

2
6664
< b1;u >
< b2;u >

...
< bn;u >

3
7775 =

2
6664
c1
c2
...
cn

3
7775= c

u = c1b1+ c2b2+ � � �+ cnbn

Recall: ci is large (in magnitude) if u has large

power with respect to bi.

The vector c is the spectrum of the signal u with

respect to the basis.
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Statistical Results

Let u1;u2; � � � ;un be n repetitions of a p-dimensional

vector. Let uij be the ith element of the

jth vector.

Ex: u1 =

2
666666664

u11
u21
u31
u41
u51
u61

3
777777775
= u =

2
666666664

5:1
5:8
5:9
5:4
6:0
5:3

3
777777775
, etc.

E(u) =

2
6664
u1�
u2�
...
up�

3
7775 = 1

n

2
66664

P
j u1jP
j u2j
...P
j upj

3
77775

�kl =
1

n

P
j(ukj � uk�)(ulj � ul�)

V (u) =

2
6664
�11 �12 � � � �1p
�21 �22 � � � �2p
... ... ... ...

�p1 �p2 � � � �pp

3
7775 p � p
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Statistical Results

U =

2
6664
u11 u12 � � � u1n
u21 u22 � � � u2n
... ... ... ...

up1 up2 � � � upn

3
7775 p � n

[Note: V (u) = (U �E(u)eT)(U �E(u)eT)T ]

Let A be a p � p matrix.

Let W = AU .

Then

E(w) = AE(u)

V (w) = AV (u)AT
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White Noise

u is white noise if

E(u) =

2
6664
0
0
...
0

3
7775 and V (u) = �2

2
6664
1

1

1

3
7775

Important Result:

If u is white noise and A is a p � p orthogonal

matrix, then w, where W = AU is white noise.

w is the spectrum with respect to the basis of the

rows of A
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3: Fourier Analysis

a: De�nition

b: Properties

c: Random Bits Example
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De�nition

Let the sequence u0; u1; � � � ; un�1 be a

signal observed at n points.

Exs:

(1) ui is a voltage observed at time i.

(2) ui is the height of a surface at distance i.

The Discrete Fourier Transform (DFT) is a

sequence f0; f1; � � � ; fn�1 where

fk =
n�1X
j=0

uj exp (�2�ikj=n)

exp (ix) = cos (x) + i sin (x) and i=
p�1.

Exs:

(1) Units of fk are cycles per second

(2) Units of fk are cycles per length
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Properties

fk =
n�1X
j=0

uj exp (�2�ikj=n)

Let u =

2
6664
u0
u1
...
un�1

3
7775, f =

2
6664
f0
f1
...
fn�1

3
7775

T =

2
6664
{ t0 {
{ t2 {
... ... ...
{ tn�1 {

3
7775

tk =

2
6664
exp (�2�ik(0)=n)
exp (�2�ik(1)=n)
...
exp (�2�ik(n� 1)=n)

3
7775, etc.

f = Tu

The DFT is an orthogonal transformation, where

f is the spectrum with respect to the basis.
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Properties

Why do we need sines and cosines?

fk = ak + ibk

ak =
n�1X
j=0

uj cos (�2�kj=n)

bk =
n�1X
j=0

uj sin (�2�kj=n)

Let mk =
q
a2k + b2k.

ak = mk cos (�)

bk = mk sin (�)

tan (�k) = bk=ak

θ

m
b

a
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Properties

ak cos (�2�kj=n) + bk sin (�2�kj=n) =

mk[cos (�k) cos (�2�kj=n)+sin (�k) sin (�2�kj=n) =

mk cos (�2�kj=n� �k)

mk is the magnitude of the frequency.

�k is the phase of the frequency.

Note: n values u0; u1; � � � ; un�1 =)
n complex valued f0; f1; � � � ; fn�1.
(2 n real values)
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Aliasing

Let D be the time (or distance) from the

observation of u0 and un.

fk corresponds to k cycles per D.

The largest k that can be estimated is n=2.

� two observations per period of the wave.

It is called the Nyquist Frequency, �

A component with k > � appears as a contribution

to the component k mod �.
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4: Wavelet Analysis

a: De�nition

b: Properties

c: Turbulence Study Example
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De�nition

Let the sequence u0; u1; � � � ; un�1 be a

signal observed at n points.

Exs:

(1) ui is a voltage observed at time i.

(2) ui is the height of a surface at distance i.

The Discrete Wavelet Transform (DWT) is a

double index sequence djk, where

djk =
n�1X
i=0

uiw(2
j(ui � k))

The function w() is called the mother wavelet.

j scales the mother wavelet.

k translates the mother wavelet.

The functions w(2j(ui � k)) are orthogonal for

distinct values of j or k.
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Haar: Mother Wavelet
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More De�nition

The Discrete Wavelet Transform (DWT) is two

double index sequences: one �ne scale djk and one

coarse scale sjk, where

djk =
n�1X
i=0

uiwm(2
j(ui � k))

sjk =
n�1X
i=0

uiwf(2
j(ui � k))

The function wm() is called the mother wavelet.

The function wf() is called the father wavelet.

djk is sensitive to �ne scale.

sjk is sensitive to coarse scale.

The functions wm(2j(ui � k)) and wf(2
j(ui � k))

are orthogonal.
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Procedure

1. Compute the discrete wavelet transform.

2. Extract the �ne-scale coe�cients, djk.

3. Replace each djk with

0 if jdjkj � �

sign(djk)(jdjkj � �) if jdjkj > �

4. Compute the inverse discrete

wavelet transform.

� based on truncation levels
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5: Principal Component Analysis

a: Motivation

b: De�nition

c: ChromatographyExample
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Motivation

What is the best choice of basis for a set of data?

Design of best basis:

Let u1;u2; � � � ;un be n repetitions of a p-dimensional

vector. Let uij be the jth element of the ith vec-

tor.

Ex: u =

2
666666664

u11
u21
u31
u41
u51
u61

3
777777775
=

2
666666664

5:1
5:8
5:9
5:4
6:0
5:3

3
777777775
, etc.

U =

2
6664
u11 u12 � � � u1n
u21 u22 � � � u2n
... ... ... ...

up1 up2 � � � upn

3
7775 p � n
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Motivation

Want to do the best job with only one

basis vector b1.

Let ci minimize kui � cib1k2 =
X
j

(uij � cib1j)
2

cib1 is the closest you can get to ui with only basis

vector b1. (ci =< b1;ui >)

Want to �nd b1 to minimizeX
i

kui � cib1k2
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Motivation

Good Direction

Bad Direction
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Motivation

Want to do the best job with only two

basis vectors b1 and b2, where < b1; b2 >= 0.

Let c1i =< b1;ui > and c2i =< b2;ui >.

Given b1, want to �nd b2 to minimize

X
i

kui � (c1ib1+ c2ib2)k2

Continue scheme until you have a basis b1; b2; � � � ; bn,
ordered from the most important vector to the

least.
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E�ect of the Mean Vector

Given that the mean has been subtracted o�, want

to do the best job with only one basis vector b1.

Want to �nd b1 to minimizeX
i

kui � (E(u) + cib1)k2
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E�ect of the Mean Vector

Without Mean Vector M

With Mean Vector
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Classical De�nition

Note:

(1) Minimizing residual2 � maximizing length2.

(2) Length with respect to the mean � variance.
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Classical De�nition

The �rst principal component is the linear combi-

nation (of the variables) bT1U with maximal

variance, such that kb1k = 1.

The second principal component is the linear com-

bination (of the variables) bT
2
U with maximal

variance, such that kb2k = 1 and < b1; b2 >= 0.

2
6664
{ b1 {
{ b2 {
... ... ...
{ bn {

3
7775
2
6664
u11 u12 � � � u1n
u21 u22 � � � u2n
... ... ... ...

up1 up2 � � � upn

3
7775

=

2
6664
v11 v12 � � � v1n
v21 v22 � � � v2n
... ... ... ...

vp1 vp2 � � � vpn

3
7775 p � n

BU = V

p � p p � n= p � n
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Decomposition of Variance

Let �2i be the variance of the ith variable of u.

Let �2i be the variance of the ith variable of v

(The ith principal component).

Important Result:
pX

i=1

�2i =
pX

i=1

�2i .
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